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. We realize the exceptional superconformal algebra CKq, spanned by 32 fields, inside the Lie 

' superalgebra of pseudodifferential symbols on the supercircle S^^^. We obtain a one-parameter 

CN ■ 

family of irreducible representations of CKq in a superspace spanned by 8 fields. 
1. Introduction 

A superconformal algebra is a simple complex Lie superalgebra g spanned by the 
coefficients of a finite family of pairwise local fields a{z) = XlneZ '^{n)Z~^~^ ^ of which 
O . i. the Virasoro field L(.), |3, 8, 11). Supercortformal algebras play an important role in 
'tis I the string theory and conformal field theory. 

The Lie superalgebras K{N) of contact vector fields with Laurent polynomials as 
' coefficients (with odd variables) is a superconformal algebra which is characterized by 
its action on a contact 1-form, [3, 6, 8, 12]. These Lie superalgebras are also known to 
physicists as the SO{N) superconformal algebras, [1]. Note that K{N) is spanned by 
2"^ fields. It is simple if A 7^ 4, if A = 4, then the derived Lie superalgebra A'' (4) is 
simple. The nontrivial central extensions of A'(l), A'(2) and A'(4) are well-known: they 
are isomorphic to the so-called Neveu-Schwarz superalgebra, "the A = 2", and "the big 
A = 4" superconformal algebra, respectively, [1]. 

It was discovered independently in [3] and [17] that the Lie superalgebra of contact 
vector fields with polynomial coefficients in 1 even and 6 odd variables contains an excep- 
tional simple Lie superalgebra (see also [6, 9, 10, 18, 19]). 

In [3] a new exceptional superconformal algebra spanned by 32 fields was constructed 
as a subalgebra of A(6), and it was denoted by CKq. It was proven that CAg has no 
nontrivial central extensions. It was also pointed out that CKq appears to be the only 
new superconformal algebra, which completes their list (see [11, 12]). 
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In this work we realize CKq inside the Poisson super algebra of pseudodifFerential 
symbols on the supercircle S^^^. It is known that a Lie algebra of contact vector fields can 
be realized as a subalgebra of Poisson algebra, [2]. In particular, the Lie algebra Vect{S^) 
of complex polynomial vector fields on the circle has a natural embedding into the Poisson 
algebra P of formal Laurent series on the cylinder T*S^ \ S^. One can consider a family 
of Lie algebras P^, h e]0, 1], having the same underlying vector space, which contracts to 
P, [13-16]. 

Analogously, K{2N) is embedded into the Poisson superalgebra P{2N) of pseudod- 
ifFerential symbols on the supercircle ^'■'^1^, and there is a family of Lie superalgebras 
Pj^(2Ar), which contracts to P{2N) (see [20]). 

A natural question is whether there exists an embedding 

K{2N) C i^(2A^). (1.1) 

Recall that the answer is "y^s" if = 2, more precisely, there exists an embedding of a 
nontrivial central extension of i^'(4) = [^(4), i^(4)]: 

K'{4) C Ph(4)- (1-2) 

Associated with this embedding, there is a one-parameter family of irreducible represen- 
tations of -^'(4) realized on 4 fields, [20]. 

Note that embedding (1.1) doesn't hold if A?" > 2, [5]. However, it is remarkable that 
it is possible to embed CKq, which is "one half" of K{Q), into P]^(6). In this work we 
construct this embedding, and obtain the corresponding one-parameter family of represen- 
tations of CKq realized on 8 fields. 

2. Contact superconformal algebra K{2N) 

Let A(2A^) be the Grassmann algebra in 2A^ variables ^i, . . . , ^^r, r/i, . . . , t^tv, and let 
A(1,2A^) = C[t,t~^] (S> A(2A^) be an associative superalgebra with natural multiplication 
and with the following parity of generators: p{t) = 0, p{^i) = p{r]i) = 1 for i = 1, . . . , N. 
Let W{2N) be the Lie superalgebra of all derivations of A(1,2A^). Let dt, 9^. and 9^. 
stand for ^ and respectively. By definition, 

K{2N) = {L> e W{2N) \Dn^ fn for some / G A(l, 2iV)}, (2.1) 

where fl = dt + YliLi ^i^Vi + Vid^i is a differential 1-form, which is called a contact form 
(see [3, 4, 6, 7, 8, 10, 12]). The Euler operator is defined hy E = E^Ii + Vidm- 
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We also define operators A = 2 — £" and Hf = (— J^iLi ^^if^r^i + ^Vif^^i^ where 
/eA(l,2iV). 

There is a one-to-one correspondence between the differential operators D e K{2N) 
and the functions / e A(l, 27V). The correspondence f ^ Df is given by 

The contact bracket on A(l, 2N) is 

{/, g}K = A{f)dtg - dtfA{g) - {/, g}p.,, (2.3) 

where 

AT 

{f,g}p.,^{-ir^^^+'J2^U^v^9 + d,Jd^,g (2.4) 

is the Poisson bracket. Thus [Df^Dg] — D^f^gj^. 

The superalgebra K{6) contains an exceptional superconformal algebra, spanned by 
32 fields, as a subalgebra. This superconformal algebra is denoted by CKq in [3, 8, 11]. 
Other notations are also used in the literature (see [6]). Let = Ci^2^3?7i?72%- In what 
follows (i, J, k) = (1, 2, 3) stays for the equality of cyclic permutations. 
Proposition 1 (see [3, 6]). CKq is spanned by the following 32 fields: 

Ln = - {dtft^'+'e, (2.5) 

Gi = + {dtfe+^dr,^e, Gi = rri, + (a^'t^^e, ^ = 1,2,3, 

= r^iVj-{dt)t^dr,A,e, i^j, = n.ry, - (at)ra,,%e, i = 1,2,3, 

I'n = f'-'CiVjVk, i = 1, 2, 3, In = ^+'^166, 

where n e Z, and {i, j, k) = {1, 2, 3) in the formulae for 5"^, 5*^ and 

3. The Poisson superalgebra P{2N) of pseudodifferential symbols on 5^'^ 

The Poisson algebra P of pseudodifferential symbols on the circle is formed by the 
formal series A{t, ^) = Yl"^oo where ai{t) e C[t, and the variable ^ corresponds 

to dt- The Poisson bracket is defined as follows: 



{A{t, e), B{t, C)} = d^A{t, OdtB{t, e) - dtA{t, Od^B{t, 0- 
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(3.1) 



The Poisson algebra P has a deformation P^, where h e]0, 1]. The associative multiplica- 
tion in the vector space P is determined as follows: 

A{t, Oh B{t. = E T^^e O^i^i^^ 0- (3.2) 

n>0 

The Lie algebra structure on P^ is given by [A, B]^^ = Ao^^ B — B o-^ A, so that the family 
Pj^ contracts to P. P^^^^ is called the Lie algebra of pseudodifferential symbols on the 
circle, [13-16]. 

The Poisson superalgebra P{2N) of pseudodifferential symbols on the supercircle S^^^ 
has the underlying vector space P ® A(2A^). The Poisson bracket is defined as follows: 

{A, B} = d^AdtB - dtAd^B + {A, B}pm. (3.3) 

Let A-^{2N) be an associative superalgebra with generators Ci; ■ • • > Civ, Vij ■ ■ ■ iVn and 
relations: ^i^j = -^j^ijViVj = -VjVijVi^j = - ^jVi- Let P[^{2N) = -P^ <8) A-^C^N) be 
an associative superalgebra, where the product of A = Ai X and B = Bi <SiY, where 
^1, 5i e Pj^, and X,Y e A-^{2N), is given by 

AB^^{Aio-^Bi)(»{XY). (3.4) 

Correspondingly, the Lie bracket in Py^{2N) is = AB - {-1)p(^^p(^^ BA, and 

limj^^p[A,P]j^ = {A,B}. There exist natural embeddings: W{N) C P{2N) and W{N) C 
P^{2N), where W{N) is the Lie superalgebra of all derivations of C[t, t~'^] A(^i, . . . , ^^v), 
so that the commutation relations in P{2N) and in P^{2N), when restricted to W{N), 
coincide with the commutation relations in W{N). P^^^{2N) is called the Lie superalgebra 
of pseudodifferential symbols on S^^^ (see [20]). 

4. Realization of CKq inside the Poisson superalgebra 

Theorem 1. The superalgebra CKq is spanned by the following 32 fields inside P{2N): 

Ln,o = r+^e, (4.1) 

K,o = -t'iiim + ikTik) + nt^'-^r^ijikmvk, ^ = 1.2, 3, 

<o = -t^'U^jTlj + ^kflk) +nt''-^r^Ujikmrik, 1,2,3, 
Sn,o = t^~^C\i3V3-ikVk)rl^, ^ = 1,2,3, 
4,0 = t'^H-HiW, i = l,2, 3, /n,o = 



where n^'L^ and {i,j,k) = (1,2,3) in the formulae for G^q, T^^, S^q, S^^qi and /^q. 
Proof. Note that there exists an embedding 

K{2N) C P{2N), N>0, (4.2) 

see [20] . Consider a Z-grading of the associative superalgebra 

P{2N) = ©,^z^^(2iV) (4.3) 

defined by 

deg^ = degr/i = 1, for z = l,...,iV, (4.4) 
deg t — deg — 0, ior i — 1, . . . , N. 

With respect to the Poisson bracket, 

{Pi{2N),Pj{2N)} C Pi+,_i(27V). (4.5) 

Thus Pi (27V) is a subalgebra of P{2N), and we will show that Pi(2Ar) ^ K{2N). Equiva- 
lently, Pi{2N) is singled out as the set of all (Hamiltonian) functions A{t., ^, ^j, ?7j) e P{2N) 
such that the corresponding vector fields supercommute with the semi-Euler operator: 

AT 

+ J]r7,a,J=0, (4.6) 

where 

N 

A{t,i,ii,r^i) ^Ha^ d^Adt - dtAd^ - (-l)^(^) 5^(%^5^, + 5,,^%). (4.7) 

To describe an isomorphism from K{2N) onto Pi{2N), we change the variable t in 
A(1|2A^): t ^ 2t — X^^i ^iTji. Correspondingly, we have the following contact bracket on 
A(l|2iV): 

{f,g}ji = A{mg - dJA{g) - {f,g}p.b, (4.8) 

where A = 1 — E and E = ^f^iVi^Vi- Note that the corresponding contact form is 
Q = dt + Xlili ^idVi- Define a map (p : A(1|2A^) Pi (27V) as follows: 

f^Af = i-iye-'f, (4.9) 
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where s is a scalar given by E{f) = sf. Then 



{Af,A,} = A^f,,y^. (4.10) 

Applying the isomorphism = (p o x to the fields (2.5), we obtain the following fields: 

^(LO = 2-+iL^,o - 2-~\n + 1){TI, + T^, + „), ^(G^^) = 2-+'Gl^o " '^''(n + l)^;o, 
V^(G;) = -2^Gl, + 2^-'nSl„ i;{T^^) = V^(r^) = 2--\-Tl, + T^, + T^,), 

V'(J^) = 2-+1j2o, V(^) = 2-1^0- (4.11) 

□ 

5. Realization of CKq inside the Lie superalgebra of pseudodiflferential symbols 

Given the embedding (4.2) it is natural to ask whether there exists an embedding 

K{2N) C Ph(2Ar). (5.1) 

Recall that if A/" = 2, then there is an embedding 

K'{4) C Ph(4), (5.2) 

where K'{4) = [K{4), K{4)] is a simple ideal in K[4) of codimension one defined from the 
exact sequence 

^ K\4) ^ K{4) ^ CA-ia$.r„,. - 0, (5.3) 

and K'{4) is a nontrivial central extension of K'{4) (see [20]). The superalgebra K'{4) C 
P{4) is spanned by the 12 fields: 

/(ei,6,*)eand/(6,e2,t)r7i (^=l,2), (5.4) 

which form a subalgebra isomorphic to W{2), together with 4 fields: F^, where i = 0, 1, 2, 3, 
and n e Z: 

i^n = ^""'r'ei^i%, ^ = l,2, 



Proposition 2 ([20]). The superalgebra -^'(4) in (5.2) is spanned by the 12 fields given 
in (5.4) together with 4 fields ^: 

<h = (r'°h*""'H^2, (5.6) 
<h = (^"'°h*""Ni^26, ^ = 1,2, 

K h = °h t''~')mm^i^2 + -t\ n ^ 0, 

and the central element h, so that limj^^Qi^'(4) = K'{4) C i^(4). 

Note that we cannot obtain the embedding (5.1) if N > 2, [5]. However, the following 
theorem holds. 

Theorem 2. There exists an embedding CKq C -Pji(6) for each h e]0, 1] such that 
hmj^^gCKe = CKq C P(6). 

Proof. CKq is spanned by the following fields inside P[^{Q)- 

Kh = ^"^'e, (5.7) 

= Glh = t^Vi-nr'o^e-\rjj^j, z = l,2,3, 

^l!h = ~ °li ^^j^k, 

K,h = -t'^i^jVj + ^kVk) + nC' Oh t^-'vjVk^j^k + hr, i = 1, 2, 3, 
^Ih = + ^kVk) + Oh t'^'^WCr^j^k + h^Ci, i = 1, 2, 3, 

^i,h = °h ^'''^vMj - VkVi^k), « = 1, 2, 3, 
<h = Oh r-S.ryfcCi, ^ = l,2,3, /,,h = ^"^'^666, 
<h = *"^'^^^^^' '^h = ^"'°li^'^"S^^.' ^<i' 

where n e Z, and {i,j,k) = (1,2,3) in the formulae for G'^h' -^^h' "^n h' "^n h "^nh" 
Let h e [0, 1]. Set J'^^ = -J^'^^ and fj^ = -J^^'^ for i > j. Given h e [0, 1], set 

Recall that if h = 0, then (5.8) gives elements (4.1). The nonvanishing commutation 
relations between the elements (5.8) are as follows: let i ^ j ^ k, then 

[L„, Lm] = (m - n)Ln+m, [Ln, G^] = (m - n)Gl+^, [Ln, Gln\ = ^Gl^+mi (5-9) 
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[Ln, I'm] = i'm + n)r^^^, [Ln, Im] = (m - n)In+m, [Ln, = (m - n)Jl^\^, 

[Ln, JZ\ = (m + n) \G\, G^] = (m - n) J^-^^, [G^,, G^] = mT^\^, 

\rpij rpjii rpi rpj I'J^ij 'J^jkl rpik \i~pij rpkil T^^J [T^ij 1 T^U 

I n ' m J n+m n+m ' L n ' m J n+m' L n ' m J n-\-m ' L n ' mJ n+m ' 

r^ij 1 _ ^ij r^ij cj n _ rri r^ij T _ cJ [T^ij cfc 1 _ _0 /"« 

L n ' mJ n+m' I n ' ^mJ ^n+m' L n ' ^ml ^n-\-m^ I n ' ^mi n-\-m^ 

in-'ij jj ] = — \rpij jjkl _ jik trpij jikl _ _ jjk rrpj qi ] _ _qi 

l-^n 1 ^mi '-'n+nn l-^n i "^m J "^n+m' L-^n ' '^mi '^n+mi i-^ni '~'m\ '^n+mi 

l-^m'^mi l-^n^'^ml '^n+mi l-^n^ '^mi n+mi l-^ ni mi \.-^ni'^m\ '^n+mi 

rrpk _ r, jij r jij jiji _ rpk r jij jiki _ _rpjk r jij Jjki _ rpi 
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Let {i,j,k) — (1,2,3), then 



r^i 1 _ r , _ rnT'^ 1 = T-' — P 1 = T^^ fG* 1 = —T^^ 

L^n' ^mJ -f^n+m '"'-'■n+m' L^n' "^mJ -'-n+m n+m ' L^n' -'mJ -'-n+mi V^ni ■'■mi ■^n+mi 

"^n+m^ 

■'n+mi 



[G;, J^'^] = (m - n)/,+^, [Gt,, J^'^] = (m + n)/;+^, [G^, J^] = G^^^ - (n + m)~Sl 

\Qni Jm\ ~ ^n+mi [^n' ^m] ~ ^n+m ~ ''^^n+mi \.^ni ] ~ ^n+m ~ (^^ + 



[^n' ^m ] — ("^ + ^)-^n+m' [^n' ^m'] — ('^ " "^)-^n+m5 [^n' ^m] — ~^n+m + "^-S"* 

L^n' "^mJ ^n+m' L'-'n' "^m J ^-'n+m' L'-'n' "^mJ '-'n+m' L'-'n) "^mJ '-'n+m' L-'n' "^m J '-'n+m' 

[In,Jm] = 'S'^+m- (5.10) 

□ 



6. Representation of CKq associated with its embedding into Pjj_]^(6) 

Recall that the embedding (5.2) for h = 1 allows to define a one-parameter family of 
spinor-like representations of K'{4) in the superspace spanned by 2 even and 2 odd fields, 
where the central element h acts by the identity operator, [20]. 

Theorem 3. There exists a one-parameter family of irreducible representations of CKq^ 
depending on parameter e C, in a superspace spanned by 4 even fields and 4 odd fields. 
Proof. Let V^' = t^Cft,*-^] (g) A(3), where A(3) = A(Ci'6>C3) is the Grassmann algebra. 
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and e R \ Z. Let {v^, i)^}, where m e Z and z = 1, 2, 3, 4, be the following basis in V^^: 

j.m+/x j-m-\-fj, 

(6.1) 

where {i,j,k) = (1, 2, 3) in the formulae for vj^. We define a representation of CKq in V^^ 
according to the formulae (5.7), where h = 1. Namely, is the operator of multiplication 
in A(3), rji is identified with 5^., and is identified with the anti-derivative: 

r'g{t) = J g{t)dt, gerC[t,t-^]. (6.2) 

Notice that the formula 

oo 
n=0 

where / e C[t, t~^], when applied to a function g e f^Clt, t~^], corresponds to the formula 
of integration by parts: 

J fgdt = f J gdt-f J Jgdt^ + f'J J Jgdt'-.... (6.4) 
The superalgebra CKq acts on as follows (see (5.8) for notations): 

Lnivl,^) = {m + n + n)vl^^^, Lr,{vl^) ^ {m + n)vl^+^, (6.5) 

Gn{vt^) = {m + n + lj)vln+n^ G'^iv]^) = "("^ + lA^tn+n^ 

GUvL) = -(m + l^)vi+n, Giivi) = (m + n + i^)vi+^, 

'^ni^m) ~^m+n -^n(^m) ~^m+m ^niVm) '^m+ni ^ni^m) ^m+ni 

where {i,j,k) = (1,2,3) in the formulae for G^, S'^, , and . Formulae (6.5) define a 
one-parameter family of representations of CKq in =<v^,i)^ | z = l,...,4, meZ>. 

□ 



9 



Remark 1. We have posed the condition e R \ Z in the definition of V^. However, 
formulae (6.5) actually define a representation of CKq in a superspace spanned by vl^,vl^ 
for an arbitrary // e C. (See also section 8). 

7. The second family of representations of CKq 

Note that the embedding of infinite-dimensional Lie superalgebras 

CKe C K{6), (7.1) 

considered in this work, is naturally related to the embedding of finite-dimensional Lie 
superalgebras 

?(4) C P(0|6). (7.2) 

Recall that -P(0|6) is the Poisson superalgebra with 6 odd generators: ^i,^2,^3iViiV2,V3i 
and the Poisson bracket is given by (2.4). The simple Lie superalgebra CP(7t.) is defined 
as follows. Let 'P{n) be the Lie superalgebra, which preserves the odd nondegenerate 
super symmetric bilinear form antidiag (1^, In) on the (n|n)-dimensional superspace. Thus 

J'(n) ^ {(^Q J^j^t ^ I ^ ^ qK'>T')^ B and C are n x n - matrices, ^ B,C^ ^ -C}. 

(7.3) 

y(n) is a subalgebra of y(n) such that A G 5l{n), [7]. A. Sergeev has proved that !P(?2) has 
a nontrivial central extension if and only if = 4, see [18]. Note that dim J'(4) = (16|16). 
It was pointed out in [6, 18] that CP(4) has a family spin^^ of (4|4)-dimensional irreducible 
representations. In fact, there exist two such families: they correspond to two families of 
embeddings of GP(4) into P(0|6). 

For every A 7^ we can realize 5'(4) inside -P(0|6) as follows: 



=< L, G\ G\ T'^,T\ S\ S\ I\ /, r\ J'^ >, (7.4) 



where 



L=\G' = Xrji, & = Ci, T'^ = Vi^j,T' = -Vj^j - Vk^k, (7.5) 
= -ViiVj^j + Vk^k), = jiVjCj - Vk^k)^i, 
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so that the central element is L. Correspondingly, there is an embedding of 5'(4) into 
Pl^(0|6) given by 

^h = ^' ^h = ^1 = = rii^j,T{ = -77,C,- - Vk^k + h, (7.6) 

•^h ^ -Vii^j^j + ^k^k) + hr^i, = ji^j^iVj - CkCiVk), 
^h = \^j^kViJh = ^ViV2V3, J^l = >^ViVj,Jil = ^CiCj, 

and limj^^Q !P(4) = ?'(4) C P(0|6). The nonvanishing commutation relations between the 
elements (7.5) and between the elements (7.6) are as in (5.9)- (5. 10), where the indexes 
m = n = 0. 

Associated to this embedding (for h = 1) there is a family spinj^ of representations of 
!P(4) in the superspace A(^i,^2,C3)- We choose the basis 

v' = Ci, = j^j^k, i = 1,2,3, v"" = 1, = -^^16^3- (7.7) 

Explicitely, 

spini:(^^ ^r^^^)+CA-l4|4, (7.8) 

where I414 is the identity matrix, and if Cij = Eij — Eji, then Cij = Cki, so that the 
permutation (1,2,3,4) {i,j,k,l) is even, cf. [6, 18]. Formula (7.8) also gives the 
standard representation sping. 

The second family of embeddings of J'(4) into P(0|6) and into P]^(0|6) is given by 
(7.4)-(7.6), where is interchanged with r]i for all i in all the formulae. Correspondingly, 
there is a family spin^ of representations of J'(4) associated to this embedding (for h = 1) 
in the superspace A(^i,^2;^3)7 so that n(spin|) = spinj^, as !P(4)-modules, for all A. 
(n denotes the change of parity). From Tlicorcm 3 we have the following corollary. 
Corollary 1. Under the restriction of the representation of CKq in to J'(4), 
decomposes into a direct sum of irreducible (4|4)-dimensional representations of the family 
spini- 

Proof. Naturally, there are embeddings: 

y(4) C CKq, P(0|6) C K{6). (7.9) 
The first embedding is given as follows: 

5'(4) = {xe CKq I [Lo, x] = 0}, (7.10) 
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hence Lq is the central element. The nontrivial 2-cocycle on 7(4) is (Gq,(5q) = SijLo. It 
follows from (6.5) that V^^ is a direct sum of (4|4)-dimensional 5'(4)-submodules: 

V^ = ®meZVj;., V>^=<vl^,vl^\i = l,2,3A>, (7.11) 
where V;^ = spin^^^. 

□ 

It is possible to define another embedding of CKq into P{6) (respectively, into P^{Q)) 
by interchanging with rji in all the formulae (4.1) (respectively in (5.7)), and then 
obtain a one-parameter family of representations of CKq in by repeating the previous 
construction. Thus the following theorem holds. 
Theorem 4. Consider the following basis in F^: 

yi^ = r+^^,, vl=^^^^^,^ z = l,2,3, vt, = t^+^, vt = —666, 

(7.12) 

where (z, j, k) = (1, 2, 3) in the formulae for i)^. Then the action of CKq on V^^ is defined 
as follows 

Ln{vln) = (to + y)vln+n^ ^n(^^) = (m + n + //)i);i+n, (7.13) 
CU^m) = {m + /X)v^+n, G'n(^m) = -(w + TZ + n)vln+ni 

GUt^m) = -(m + n + //)i)^+^, = (m + //)C+n, 

T^ij \ _ J T^ij /'fj \ _ f.i rpi ( i N _ i rpi / 4 \ _ _ 4 

-^n ^^m/ "m+ni \"m) "ra+ni ^n\'-'m) "ra+ni ^n\"m) '-'m+ni 

rpi (f.i \ _ f.i rpi / -4 \ _ -4 qi \ _ _„A qi (fA \ _ 

-^n\^mJ "m+n ^n\'-'m) '^m+ni '-'nK'-'m) "m+ni '^n\"mJ '^m+ni 

where k) = (1, 2, 3) in the formulae for G^, ,5^, J^-' , and J^^ . Thus is a direct sum 
of (4|4)-dimensional 5'(4)-submodules, see (7.11), where VJ^ = spin;'^_|_^. 

8. Final remarks 

In Theorem 1 we realized CKq inside the deg = 1 part of the Z-grading of P(6), given 
by (4.3), and in Theorem 2 we realized CKq inside P[^{Q)- One should note that in this 
realization the elements of CKq have powers —1,0 and 1 with respect to 6 see (4.1) and 
(5.7). 
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We will now show how to single out CKq from Pj^(6). Let 5 be a subspace of P^{6) 
spanned by W{3) (which consists of the elements of power and 1 with respect to ^) and 
the following fields (n e Z): 

r'o^t^-\vj, OY,t^-\vk^i. (8.1) 

°h t'^'^VjVkCj^k + hr, Oh t"~^VJVk^^Cj^k + hr^i- 

Fix h = 1. Let ^ e (0, 1). The action of the elements of S on the spaces is well-defined. 
In each we defined a basis by (6.1). We will denote it now by =< vl^{jji) , vl^{jji) >. 
Let v(//) e be vectors which have the same coordinates with respect to this basis for 
all fi. Consider an odd nondegenerate superskew-symmetric form on each V^: 

{vM,viif,))^ = -iviif,),vM)^ = 5m+i,o i = 1,2,3. (8.2) 

{Vm{l^),vf{n)),^ = -{^l{lJ^),Vm{l^)),^ = -Sm+l,0- 

Let V =< vl^.vly^ >, where z = 1, . . . , 4, m e Z, be a superspace such that piv^^) = 
PiVrn) — IjPl^m) — PiVrn) = 0. A supcrskew-symmctric form on V is defined by 

{vl, vi) = -{vi, vl) = 5m+i,o ^ = 1, 2, 3, (8.3) 

{'"m,vf) = -{vf,V^) = -5m+l,0. 

Theorem 5. 

CKe = {XeS\ lim[(X^(/.),«;(/.))^ + (-l)^'(^)^(-('^))(T;(/x),X«;(/x))^] = 0, 

for all v{iJ,),w{i^) eV^}. (8.4) 

There is a representation of CKq in V given by (6.5), where = 0, and this action preserves 
the form (8.3). 

Remark 2. Correspondingly, there is a representation of CKq in V given by (7.13), where 
fj> = 0, and this action preserves the odd nondegenerate supersymmetric form on V: 

{vi^.vj) = {vi.v'J = 5m+i,o i = 1,2,3,4. (8.5) 
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